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1. Introduction and summary

Type IIB superstring in an AdSs x S® background is conjectured to be dual to N' = 4 super
Yang-Mills theory in D = 4 dimensions. To fully exploit the duality one would need to
solve the world-sheet sigma model with the AdSs x S° target-space at the quantum level,
and in particular to understand its operator algebra. As a first step toward this ambitious
goal, we analyze in this paper the tree-level OPE of matter currents on the world-sheet.

The type IIB superstring in the AdS space with Ramond-Ramond flux can be formu-
PSU@24) _ pp
SO, )=x50() " + 1€
action in the Green-Schwarz (GS) formalism is known [l. The pure spinor (PS) version

lated as a sigma model with the target space which is the supermanifold

was proposed in [[]. In both these approaches the target-space supersymmetry is manifest.
However in the GS formulation where the world-sheet action is classically k-invariant, the
covariant quantization of the sigma model is rather complicated due to non-linearities and
because gauge-fixing the xk-symmetry leads to fermionic second-class constraints. In the PS
formalism proposed by Berkovits, the main ingredients are the commuting left and right-
moving space-time spinors A% and 5\‘3‘, which play the role of ghost variables and satisfy
the pure spinor constraint:

AN = A2 = 0. (1.1)

The world-sheet superstring action is classically BRST-invariant in the Berkovits formula-
tion: due to the presence of a kinetic term for the fermionic currents the x-symmetry of
the GS superstring action is replaced by a BRST-like symmetry whose charges are con-
structed from fermionic constraints and pure spinors. In both these formalisms an infinite



set of non-local classically conserved charges has been found, which highly suggest the
integrability of the model [, fl]. At the classical level these non-local charges have been
shown to be s-invariant in the GS formalism and BRST-invariant in the PS formalism [f].
By cohomology arguments it was proved that the BRST invariance of the PS superstring
action survive at the quantum level [[J]. Moreover the superstring action was explicitly
proved to be one-loop conformally invariant in [J]. The (classical) current algebra in the
hamiltonian formalism was analyzed in [[4]. Here we will compute the operator product
expansion (OPE) of the matter currents.

In section 2 the effective action for the fluctuations fields is derived. The results for
the OPEs is presented in section 3. Our notation is summarized in the appendices, where
we also give some calculational details.

2. The action

In the pure spinor formalism the sigma model action describing an AdSs x S5 background

with Ramond-Ramond flux is [B [, [

1 — 3 — 1 —
SAds = ?/d22{< Jo, Jo > —|—§ < J3,J1 > —|—§ < Js3,Jq >}+

ed)

1 — . 1 . 1
+ = / 22 Ng 7% 4 N Jled 4 §N@N@} + —(S) + 55), (2.1)

a?

where <, > is the bilinear form expressed in terms of the super-trace, J = JATy, J = 7ATA,
with T4 the generators of the super-algebra and J4 = (¢7'9¢)* and Tt = (g~ '0g)A are
the left invariant (super) currents constructed from g(z,0,6) which are elements of the
super-coset % and (z,0, é) parameterize the D = 10, N = 2 superspace.

Neg = 3wYeah and Neg = %@7@5\ are the SO(4,1) x SO(5) components of the Lorentz
currents for the pure spinor ghosts A% and A% and their conjugate momenta w, and wy,
respectively. Sy and S5 are the free field actions for the pure spinors in the flat background.
The action is manifestly invariant under global PSU(2,2|4) transformations which act
by left multiplication on the coset supergroup elements and it is invariant under local
SO(4,1) x SO(5) gauge transformations which act by right multiplication on g.! The
coupling constant is o = (A)fi = (Ngs)fi and the coefficients of the action are fixed in
such a way that the action is gauge invariant under local SO(4, 1) x SO(5) transformations,
according to the metric and the structure constant normalized as in the appendix.

Using the background field method [{, [}, [[0], one can compute the one-loop effective
action. The mapping ¢ is parameterized as a classical background plus quantum fluctua-
tions around the background: ¢ = Ge®X. The gauge invariance of the original action can
be used to fix X € G/H,. Plugging g = §e®X in J, J and expanding up to the a? order,

Under a local gauge SO(4,1) x SO(5) transformation with parameter ¢ € Ho, J; and J; transform as
6J; = [Ji, €], §J; = [71-,5], while Jy and Jo transform as a connection §Jo = 0¢ + [Jo, &], 8Jo = 06 + [7075],
the ghost currents as 0N = [N, ], SN = []\7, £], and the pure spinors and their conjugate momenta transform
as 0\ = [\, €], dw = [w, £], analogously for the hatted spinors, [ﬂ, ]



the matter currents are given in terms of the X fields by:

T = Jo a0, + 17, X1,) + (17 X1, X], + [0X. X]) + ...

where ¢ = 1,2, 3 labels the elements of the subalgebras H;, i.e. J; = Jpy,, J and J are the
classical currents, J = G105, J = §0g.

Though X € G/H,, the fluctuations can contain the gauge fields since the commutators
in (2.J) can contain Jy and Jy. Thanks to the gauge invariance, the effective action is
independent of them [J], thus they can be gauged away, i.e. [Jy, X;] = [Jo, Xi] = 0 for any
X;. Furthermore Jy and Jg can have quantum fluctuations according to:

Jo = Jo+alJ,X]o+ %2([8X, Xo + [[J, X], X]o) + .. -,
To = To+ o7, X]o + %2([5X, X]o + [[7, X, Xo) + ... (2.3)

We will treat the Lorentz ghost currents as external ones.

Since we want to know the tree-level OPE for the matter currents, we need to compute
the action for the X fluctuations only to the first order in the external currents. Plugging
the expansion of the currents (P.7) and (2.3) in the action (P.1), one gets terms of zeroth
order in the X fields, which are the action for the background fields, linear terms in X,
which vanish by general arguments of QFT, and second order terms in the fluctuations.
Thus keeping all the terms of o? order and neglecting all the contributions which are of
the second order in the classical currents,? one obtains the following action:

S = / d?2{ — gy X200Xt — naBXaaEXB - nBaXBaEX“}Jr
1 = 1 - . R
+ /d%{xa [ina_,,fgﬁ< B Je + J“?)} X0 4 x@ [iq@fgg(ﬁjb + J’?)] PG

5 5 = =& | =a 3
+ X, 45(0 T + T D)X + X2lnap s (9T + T )X+

1 C = = 1 C o A r=d
—i—Xﬁ[—Zfibd](GN@—i—Nﬁa)—Z(Ebd}(gNﬁ—i—Nga)}Xg—i-

1 a0, = 1 cd = " -
+ X [ — 5250 Nea + Ne 0) = 5 125 (ONa + cha)]xﬁ} (2.4)

All the currents that are present in the action (R.4) are the classical ones (theis omitted in
the notation on what follows). From a diagrammatic point of view this means considering
all the tree-level diagrams, i.e. with one insertion of the external current, either matter

A

—A
current J4, J° or Lorentz ghost current Nedy Neg-

2For a dimensional analysis this implies neglecting also the terms of order 8.J.



3. The tree-level interactions

In order to read off the propagators for the quantum fluctuations one has to invert pertur-
batively the operator between the X’s. The kinetic term is given by the (super) matrix:

Nab(—09) 0 0
A= 0 0 Mo3(—90) | - (3.1)

0 n@ﬁ(—&?) 0

The inverse of this matrix is given by:

n%(—00)~* 0 0
Al = 0 0 P4 (—09)7! | . (3.2)
0 nP(—00) 1 0
where (—00)~! is formally the “free” propagators, namely (—09)~! = —%log]y — 2%

The coefficient in front of the propagator is fixed by the differential equation 99 log |z|? =
216?) (2,%).% In this way the integral of the ¢ function is normalized to 1, [ d?26() (2, %) =
1.

If the operator can be represented as a sum of two matrices A and V, the inverse of
the matrix is perturbatively:

(A+V)yt=a1—Alvah+. .. (3.3)

where V is the matrix containing the tree-level interaction with the matter and the Lorentz

ghost currents. The entries of the matrix V are just the terms containing the currents in
the action (2.4), the terms off-diagonal divided by 1/2:

1 cd S = cd| <7 A
Vit = (5 (9N + Neg 9) + [ 55 (T Ny + Neg D)
1 = =
V12=§?7pﬁf§g(0JP+J”5)
1 S=p P
Vis = 505/ 2597 + 773
1 b_(: a a7
Vaz = Sl fap(0 7%+ 120
1, ca. s = c Y Y
\/23:_Z(fa—cé((?N@%—N@(?)+fa—cé(<5N@+Ng5>))
1 a =—=b b
Vas = Snaf2, (8 + J70). (3.4)

4. OPE
The general expression for the OPE of the currents is at the order considered:

JAYIB(2) = < JA(y)TB(2) > +a2< < OXA(y)dXB(2) > +
+ < XA, X]B(2) > + <[], X] ()0XB(2) > +(’)(J2)). (4.1)

3The ¢ function in the complex plane is normalized as in [E]



The currents are taken normal-ordered to avoid the contractions on the same points. The

classical terms given by the propagator of two currents in ([L.1)) will be not considered and

the contractions on the last two terms in (1) must be done keeping in mind that these

contributions are already at the tree-level order, namely they already contain an external

leg. On what follows all the currents that appear in the r.h.s. of the OPE are the classical

ones. The results are proportional to the coupling constant a2, this overall factor is omitted

in the final result as well as the classical term.

Jy)JH0) ~ (cl.) + a?(< BX“( )0X%(0) >+..)
_Z_;yi + pladled] f(O)% _ 471Tyn[ad}[ef]N 0). (4.2)
J2(y) TH0) ~ (cz.)1 +a2(< aXQ(y)EXil( ) > )
~ _ﬁn[w}[g}Ni(o) _ Ryn[ad}[ef] A_f(O) (43)
T (y)J(0) ~ (cl % + a?(< 0X%(y)0 41( )>4+..) >
~ _47@77@“%]\7 (0) — H77[acl}[ef]]\f_f( ). (4.4)
T4y) TH0) =~ (dl. )1 2(< 5Xa( JOXL(0) > +...) ~

1 ~
—pledllell 7, 1 (0). (4.5)

1
lad][ef] 7 _
e+ — g n Neg(0) o

27Ty2

J2(y)J°(0) ~ o?(< dX%(y)dX°(0) > + < dX%(y)[Js, _X2]5(0) >+
< [, Xa) ()X (0) > +..) =~ iny T (0) + iy 72 175.77(0).

J2 ()T (0) ~ o

7Q(y)J‘S (0) ~ o?

THy) T’ (0) =

2 ’YP

(4.6)

(< 0X%(y)dX°(0) > + < 9X*(y)[J3, X2]°(0) > +

+ < [J3, X3]%(y)0X°(0) > +...) ~ %fgﬁn%ﬁ(oy
(4.7)

(< OX%y)0X%(0) > 4+ < DX%(y)[J3, X2])°(0) > +
+ < [T, Xa]%(y)0X°(0) > +...) = 5 _fw 7. J%(0). (4.8)

o (< OX ()X (0) > + < IX*(y)[J3, Xa]°(0) > +
+ < o X2 )DX(0) > +..) = = 0T, (49)



Jy) T3 (0) ~ a?(< dXUy)IXS(0) > + < dX%(y)[J1, X2)°(0) > +
+ < [, X8 ()0X5(0) > +...) ~ % fetae).  (4.10)

)T (0) = 0*(< 0XA()DX(0) > + < OX(y)[Ty, X' (0) > +
< LX) >+ = g T 0). ()

THy)7(0) = (< DX (y)OX"(0) > + < DX(y)[)1, Xa] (0) > +
+ < [T, X2 ()0XP (0) > +...) ~ % fetT0).  (412)

T4 T (0) = a®(< IX(y)FX (0 ) >+ < DX2(y)[T1, X (0) > +

+ < DL X @IX0) >+ = - TS 0) + = f2,70).
(4.13)

T (y)J°(0) ~ o*(< 0X(1)0X°(0) > + < 0X*(y)[J2, X3]°(0) > +

[e% 1 y [e% l 1 oA
+ < [Jo, X3]%(1)0X%(0) > +...) ~ Gra 200 T(0) + " FEn 10 74 0).

(4.14)
T () J%(0) ~ (< dX(y)dX?(0) > + < X(y)[Jo, X3]°(0) > +

+ < [T, X)X (0) > +..) ~ % faniii).  (415)
T T (0) =~ a(< OX(y)IX’(0) > + < X () [ T2, X3]°(0) > +

b < [y X (1)TXO(0) > +..) ~ % fert ). (4.16)
T () T°(0) = a2(< DX ()X (2) > + < IX(y)[T2, X3]°(0) > +

+ < [T, X" ()IXO(0) > +..) ~ % fen o). (417
T )T (0) ~ a?(< OXY(y)dX°(0) > + < X (y)[Jo, X1)5(0) > +

b < [, Xa*()0XP (0) > +...) ~ % fortai).  (418)
T ()7 (0) = a?(< TXH()IX"(0) > + < TX*(y)[J2, X1)°(0) > +

+ < [T, X% @)X (0) > +.. ) ~ 23@ [T, (4.19)



T )T (0) ~ a(< OXY()IXP(0) > + < OX*(y)[Ta, X11(0) > +

+ < [, X1)2()FX0(0) > +..) % [Ty (420)
T )T (0) = o?(< DX ()X (0) > + < DX (y )[172,)(1]3(0) >+
< 2 X IXN0) > ) & oo f IH0) + — Jn T 0).
(4.21)
J¥(y)J°(0) ~ (cl.) +o? < aiﬂ 1)0X%(0) > +.
_Wn&(s_{_yyy aﬁf ef] 'y(SN (0) 47T aﬁf[ef ’y(sNﬁ(O).
(4.22)
T (y)J3(0) ~ (cl. ) +a? < XY (y)axX5(0) >t
~ gt I N (0) = o R 0. (429)
JE ()T (0) =~ (cl. )+ a2 < OX%(y)dX’(0) > +.
~ s “Ngm)—ﬁ aﬁf[eﬂ PNg(0).  (424)

(0) ~ (cl.) + a? < dX%(y)0X°(0) > +.

L fl 1 ef] 2 o
71+ _277°‘ﬁf6 N, (0)—4—_77°‘Bfe 7O N.s(0). (4.25)

27Ty

All the current OPEs respect the Zs-grading of the psu(2,2|4) super-algebra. In fact the
OPE of two currents with indices A and B is proportional to a current with index C' = A+ B
(mod 4). Of course this reflects the fact that the tree-level interactions between the X fields
respect the Zs-automorphism of the super-algebra, since the couplings which we can obtain

are allowed by the matrices (B.1]) and (B.4).
Using the above results we have checked that the OPEs between the currents and the
classical equations of motion* derived from (R.1) vanish.

We have checked also that the OPEs found here reproduce commutators of the currents

computed in [14] after the Wick rotation to the Minkowskian world-sheet. Because of our

gauge choice Jy and Jy are absent in the commutators and the constraints, which are

present in [[[4], vanish.
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A. Notation

The psu(2,2|4) super Lie algebra has a special inner symmetry, the so-called Z4-auto-
morphism [J], that allows to decompose it in

G=Ho® Hi1 P Ho D Hs. (A.l)

The space Hj, is the eigenspace with respect to the Z4 action and the corresponding eigen-
value is o*. Thus Hy is the locus of fixed points with respect the Z4 transformation. Since
the Z;-grading is an automorphism of the super Lie algebra, the decomposition (A1) re-
spects the structure of the algebra, i.e. satisfies [Hom, Hn] C Hypgn  (mod 4) and also the
bilinear form is Z-invariant:

< Hm,Hn>=0 unless m+n=0 (mod 4) (A.2)

The subalgebra Hy is exactly the invariant subalgebra for the gauge SO(4,1) x SO(5)
group. The Hjy subalgebra is the space for the remaining bosonic elements (it contains the
“translation” generators), while H; and Hs contain the fermionic elements (“supersymme-
try” generators).

Therefore the generators of the super-algebra are decomposed in:

T, € Ha T, € Hq Ty € Hs T[Qd] € Ho, (A.3)
and consequently the currents:

J =g '0g = J Ty = JT, + JT, + JOTs + 4T,
J = gflgg = 7ATA = 7QTQ + 7aTa + jaTd + j[c_d]T[ﬂ} (A.4)

The indices A = (a, [cd], o, @) label the tangent spaces of the super Lie algebra; in particular
a = (a,d’), a =0,...,4 labels the so(4,1) vector index for AdSs, ' =5,...,9 labels the
s0(5) vector index for S°, [ed] = ([ed], [d']) and «, & = 1,...,16 label the two sixteen-
component Majorana-Weyl spinors in D = 10.
In the curved background the two fermionic indices can couple thanks to the matrix 0,4 =
(7%1234) .4, with 0,1,2,3,4 the directions of AdSs.

The super-trace is cyclic up to a minus sign, i.e.

Str(XY) = (—1)d9s(0des¥) g1 (v X), (A.5)

where deg(X) = 0 if X is even and deg(X) = 1 if X is odd. This is consistent with the
statistic. The relation®

StT(TA[TB,T(j]) = StT([TA,TB]T(j), (A.6)

5The commutator has to be understood as a graded commutator: [Ta,TB] = TaTs — (71)"4‘”3‘TBTA7
where |A| =1 for odd generators and |A| = 0 for even generators.



furnishes some important graded properties for the structure constants. The non-vanishing
structure constants for the psu(2,2|4) super-algebra are the following:

ab 1 a a’t! 1 a'v a a 1 a
P =S0Ma6, £ =500 S = IS = 50
& & 1 & a a a 6 6 3
foap = ~Fhea = 50es”  Tos=Tlha =08  fus= S = (s

=T =s  faa=—fla=0wa Sl = —h = 0]
le'f] _ le'f] _ _ sle’ of'] e e e
o~ = ~fyar~ = =0 Oy Fieap = ~Tojea = Meicg)

[gh] 9 ch lg ly g ch
Sedley) = ng5g5f — o0 0% + napd 68 — acd o} (A7)

The metric nap is given by:

Tab Nap = Mg = 5QB NMa'v'[e’d’] = —Na’ [/ Md' b Nab][cd] = Ma[c"ld]b (AS)
Furthermore if a super-matrix is defined as:

AC

K:
D B

: (A.9)

with A and B even matrices and C' and D odd, then the super-transpose is given by:

AT DT

ST __
K - CT BT

(A.10)

A.1 Gamma matrices in D = 10 dimensions

In D = 10 dimensions in the reducible Majorana-Weyl representations the (32 x 32) Dirac
gamma matrices I’%B are real and symmetric and they consist of two symmetric 16 x 16
matrices 70%, 2B on the off-diagonal.

m of3
pm_ | 07T (A.11)
Yag 0

In the case of the type IIB superstring the two Majorana-Weyl spinors have the same
chirality, thus they transform in the same SO(9,1) representation. Following [{] it is

possible to construct explicitly the v matrices from the SO(8) gamma matrices which

themselves are direct product of Pauli matrices:

) 0 O.i aa
‘725 0
where ¢ = 1,...,8 and the aéb are the antisymmetric real SO(8) Pauli matrices and they
satisfy the following algebra:
waaéb + O'Zadéb = 20§y, (A.13)

6Since we are describing gamma matrices in a flat space we adopt the standard notation for the indices:
m =0,...,9 is the SO(9,1) vector index.



with O'Z:Lb the transpose of 0&.7 A ninth one that anti-commutes with these eight is given

by [L1):

1 0
ng :’790{6 = [0 —18] ) (A.15)

and the values of v9%% and ’ygﬁ are similarly defined in order to be consistent with their
algebra:

15 0 w150
73;3:[ ® ] 706:[8 ] (A.16)

B. OPE

In this section the OPEs of the matter currents will be treated explicitly. The overall factor

o? is omitted in the final results.

Jy)J%(z) = a® < XY y)dX%(2) > +... =

1 a 1 ad|le )
=00z log |y — 2|+ —n/dl<L /de{—ﬁyf?wlog |y—w[* Nes(w)d: log |w — 2|* +

+0y log [y — w|* Ny (w) 0.0z log |w — z[*} +
1 .

16 g /d%{—ayaw log |y — w|*Ney(w)d: log [w — z* +
s =)

+0ylog |y — w|*Nes(w)d:0, log lw — 2>} + O(J?). (B.1)

The integrand containing N.s is a 0 function (up to a minus sign) and so it can be easily

integrated. Furthermore all the currents are expanded around z, i.e. N, flw) = N, flz)+...

~

and Neg(w) & Neg(z) + ..., the terms with the derivatives of the currents can be neglected
at this order, just by dimensional analysis. Setting z = 0 the OPE becomes:

od 1 1 ad|[e 1 ad]lef] n Y
N — —pladlielI N, 1(0) + 4_77[_d”l]Nef(0)_- (B.2)

a d ~_d =
JHy) JH0) = —— 7z Iy ef - £ (0)=

<

A specific set for the o matrices is given in [E]

ol =exexe 02:1><7'1><e 03:1><7'3><e 04:7'1><e><1
o0 =3 xex1l S =ex1xm ol =ex1XT3 08:1><1><1, (A.14)

where 7; are the Pauli matrices and € = 7.

,10,



Jg(y)jd(z) =(c.)+a? < BXQ( JOXL(2) > +... =

1 - _
:—2—77*8 dzlogly—2> + — “d][ﬁ]/de{—(?y(?wlog|y—w|2Ni(w)8zlog|w—z|2+

1672
+0ylog [y — w|*Nes (w)0:05 log |w — 2} +

—1 ~ —
+16712 iedlel /dzw{_ayaw log |y — WIQNj(w)aglog lw—2|? +

+0y log |y — w|2]\7ﬁ(w)538w log |w — 2|}

~ —mﬁw[j}]\fj@) — ﬁn[ad}[ﬁ]]\fﬁ(zj), (B.3)
where the first term in the second line is a ¢ function and it will be not considered here,
since only singular terms are taken in account; the result () is obtained with z = 0.
Since the procedure is completely analogous for the remaining bosonic components of the
currents, we will not rewrite them, the results are listed in ({.4), {.5).

In the case of the OPE between JyJq, JoJ3, J1J7 and J3J3 there are contributions from
the commutators in ([.]]), since the X fields can propagate ”freely”, as one can understand
from the entries of the matrix (B.J]) and from the underlying super-algebra. We present
explicitly only the OPE for the JJ components in each case, since for the other components

the OPEs are completely analogous.
J4y)J°(0) = a®(< 9X%(y)OX’(0) > + < 0X%(y)[J3, X2)°(0) > +
+ < [J3, X3)%(y)0X°(0) > +...) (B.4)
The first term is
aX“( )X (0) >= 0,0, < XUy)X°(2) > |,—0 =

= ki [ Put-g,0.108ly -~ P @0, 10g o — o+

—5 1
+ay IOg ‘y - w‘zJpazaw log ‘w - 2’2}‘2:0 o :5/ fypn’ya‘]p(o)? (B5)

the second term:
< OX%y)[J3, X2]°(0) > = — < OX%(y) f1,X%(0)J7(0) >=

1 A
= o0y log ly — 2 f1,J7(2)]:=0 =

— ﬁfp,mwﬂ( ) (B.6)

and the last term is:
< [J3, XaJ4()0X°(0) > = < f5, 07 (y) X ()0X°(0) >=
= —%f,%ﬁ(y)n%@z logly — 2|*|.=0 =
= 5 I IO, (B.7)
Therefore one gets:

T IO = 5T T 0) + — £ 7(0), (B.3)

— 11 —



J4y)J°(0) = 0*(< OXHy)OX"(0) > + < IX(y)[J1, Xz’ (0) > +
< [J1, X1]%(y)0X°(0) > +...). (B.9)

The first term:

< BXQ(y)aXS(O) >= _ayaZ(AfIVA—l)@’Z:O _
1 : i
= g fo” / d*w{ =0,z 108 |y — w[*J"()d: log |w — =+
+0y log [y — w|*J* ()90 log |w — 2*}|.=0 (B.10)

The second term:

N 1 N
— < 0X%(y) f5,X5(0)J7(0) > = —ﬂn@fpr”(Z)ay log |y — 2|?|:=0 =

2
1 ¢ 1
= —fLn°Jr(0)~ B.11
o U (O)y (B.11)
The third term:
a 5 1 a 5
< E,YJp(y)X‘;(y)BX‘s(O) >= -5 ,)—Vanp(y)az log |y — 2|*|.=0 (B.12)
Thus the OPE is:
Jﬁ(y)Jg(O) ~ L nWSJP(O) + 1o n‘/gJP(O) + 1o nWSJP(O) ~ E nWSJP(O)_
27Ty Y 27Ty Y 27Ty Y 27Ty Y
(B.13)
J(y)J°(0) ~ a?(< 8X*(1)0X°(0) > 4+ < OX*(y)[J2, X3]°(0) > +
< [Jo, X3)%()0X°(0) > +...) (B.14)
The first term:
< IXY(y)dX°(0) >= —9,0,(A VA H¥| _, =
1 ., = —1
= @fmw / d2w{—8y(9w log |y — w|2J‘(w)8Z log |w — z|2—|—
_ 1 7 o
+0, log |y — w|2TH(w)d.0, log [w — 2[*}a—0 = %y—% FEnTH0) (B.15)
The second term:
(07 3 1 OZA
<OX* () f;HO)XP(0) > = ——n*7 f3JH(2)0y log |y — 2I|-=0
1 . 1
— _— ra A0 gl 2
The third term:
(07 3 1 (07 3
< [T XP ()X (0) >= —— f5Hy)n ™0 log ly — 2|0 (B.17)
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Therefore the OPE is given by:

T()(0) = 5= fE T 0) + Wiyfgn%ﬂ(oy (B.15)

o

T3 (y) T (0) = a*(< X ()OX°(0) > + < IX(y)[Jo, X1]°(0) > +
< [J2, X1]%()0X°(0) > +...) (B.19)

The first term is:

< DX ()X’ (0) >= —0,0. (A VA _y =
1. s s

— i [ Pl-0,010g]y — wPIlw)0. oglw - 2+

+0, log |y — w|?JH(w)8. Dz log [w — 2[2}H.—0 (B.20)

The second term is:

<OX (IO X7 ) >= 50 4200, gy = #Ploma = 5= 7 IH0) (B21)

27y
The third term:
< Vo Xl (1)OXT(0) >= —o— fiiap® 1 ()0 Tog ly — =P (5.22)
Thus the OPE is:
T 0) = =5 i IO g i H0) + i H0) =
% f2 I ). (B.23)

In the case of J3JJ; OPE the same algebraic structure of Jy.J5 is involved, therefore we
present briefly the result.

J%(y)J°(0) = (cl.) + a2 < OX¥()dX5(0) > +... ~
~ (- %n&‘sa dylog |y — 2>+

16 aﬁf le]] “’5/ [—8y5510g]y—w]2Ni(w)3Z log |w — 2>+
+0, log |y — w| Nﬁ(w)ﬁzgglog w — 2| — 9,0, log |y — w|2]\7ﬁ(w)82 log |w — z|*+
+0y log ly — w|? Nej ()00, log |w — 2)?])|2=0 =~
I s, 1 ¥ e [ef] TR L ap lefl 45
~—— Ng¢(0) — —n* N7’ Ne¢(0 B.24
Ly f53 er(0) Ty f53 er(0), (B.24)

where the classical term is omitted.
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C. Classical equations of motion

We now derive the classical equations of motion from the action (R.1). Under small varia-
tions of the fields g the currents satisfy [f, fJ:

0J; =0X +[J.X); T =0X+[],X];
8Jo=[1,X]o 070 =[J,X]o

6N =[N,A] 6N =[N, A, (C.1)

0g = gX dg = —-Xg7 1, X e H;
7

where for the variation of the Lorentz ghost currents the gauge transformation is used
since this is the most general covariant variation which respects the SO(4,1) x SO(5)
symmetry [{]. Furthermore under gauge transformation for the pure spinor actions Sy and
5‘;\ we have §S) = —N[C—d]BA@] and 55’5\ = —Né[\@]. Plugging ([C.1]) in the action (R.1)
and using the Maurer-Cartan identities 9.J — dJ + [J, J] = 0 one gets:

_ — 1 — 1 -
VJy = [Jg,Jg] + §[N, Jg] — §[J2,N]

_ _ 1 1 .

VJQ - _[J17J1] + §[N7 JQ] - §[J27N]

1 1
2 2 1 1

Vi3 =—[J1,Js] — [J2, J1] + §[N773] — §[J37N]

ng = [N’j?)] - [‘]3’N]

= — — 1 - 1 N
VJI = [‘]3,‘]2] + [J2a<]3] +§[Na<]1] - §[J15N]

_ 1 — 1 A
VJl - §[N,J1] - §[J1,N]
VN:;MN]
A 1 N
VN = —5[N, N, (C.2)

where the covariant derivatives are V = 0 + [Jy, | and V =9 + [Jo, ].
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